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ABSTRACT 

The ray t r a c i n g  e q u a t i D n s  and t h e  express iqns  

necessary t o  eva lua te  these equat ipns  f n r  a m 4 e l  

impsphere wi th  a centered d i p 3 l e  magnetic f i e l d  

and a n  H , He , 0 e d i f f u s i v e  equ i l ib r ium 

cnncen t r a t ion  m D d e l  are given and d i scussed .  

+ + + -  

A basic computer program f o r  the numerical  

c a l c u l a t i o n  Df' ray paths  i n  a meridian plane i s  

l i s t e d  and expla ined .  An a d d i t i o n a l  w u t i n e  t n  

c a l c u l a t e  pDint-to-point ray pa ths  i s  b r i e f l y  

descr ibed .  Examples are given of the cDmputer 

p r i n t o u t  f o r  t h i s  ray t r a c i n g  program and qf a 

p l o t t e d  ray pa th .  
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1 .O INTRODUCTION 
Since the  s t u d y  of very-low-frequency (VLF)  

whistlers f i r s t  began i n  1894 [Preece,  18941, many 
experimental  and t h e o r e t i c a l  i n v e s t i g a t i o n s  have 
been undertaken t o  cha rac t e r i ze  and t o  e x p l a i n  the 
p r o p e r t i e s  of n a t u r a l l y  occurr ing VLF r a d i o  n o i s e s .  
H e l l i w e l l  [19651 gives a n  e x c e l l e n t  r ev iew of the  
h i s t o r y ,  the cu r ren t  experimental  c h a r a c t e r i s t i c s  
as determined by ground-based and s a t e l l i t e - b o r n e  
r e c e i v e r s ,  and the p resen t  t h e o r e t i c a l  i n t e r p r e t a t i o n s  
of w h i s t l e r s ,  VLF emissions and r e l a t e d  ionospher ic  
r a d i o  no i se  phenomena. 

VLF ground s t a t i o n  t r a n s m i t t e r s  a l s o  have been re- 
por ted  by Leiphar t  [1962], Heyborne [I9661 , Aubry 
[1967] and Storey  [1967]. 

A powerful and Important a n a l y t i c a l  method 
f o r  s tudying  the propagat ion c h a r a c t e r i s t i c s  of 
whist lers ,  VLF emissions and VLF ground s t a t i o n  
t ransmiss ions  i n  the ionosphere i s  that of r a y  
t r a c i n g .  I n  a medium such as the ionosphere and 
magnetosphere, the t r a j e c t o r y  of energy f low f o r  an 
electromagnet ic  wave is the ray path f o r  t h i s  wave. 
Therefore ,  with the  r ay  path method, the t r a j e c t o r y  
of energy from a l igh tn ing  d ischarge  o r  VLF ground 
s t a t i o n  a t  the base of the ionosphere o r  from a 
plasma i n s t a b i l i t y  i n  the  ionosphere i t s e l f  t o  an  
observa t ion  po in t  can be determined.  

Recent ly  sa te l l i t e  observat ions of s i g n a l s  from 

T h i s  ray path 
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method can be used t o  produce new exp lana t ions  f o r  
the observed c h a r a c t e r i s t i c s  of whistlers, VLF 
emissions and ground s t a t i o n  t r ansmiss ions  t o  t es t  
e x i s t i n g  exp lana t ions ,  o r  t o  p r e d i c t  new ionosphe r i c  
noise  phenomena. 

model ionosphere was performed by PIaeda and Kimura 
[1956] .  
p r i n c i p l e  and used the q u a s i - l o n g i t u d i n a l  approximation 
f o r  the r e f r a c t i v e  index as g iven  by Sto rey  [1953] .  
Maeda and Kimura c a l c u l a t e d  whistler ray pa ths  and 
w h i s t l e r  d i s p e r s i o n s  were graphical ly  determined 
(assuming on ly  e l e c t r o n s  i n  the ionosphere)  f o r  
d i f f e r e n t  l a t i t u d e s .  The r e s u l t s  of these c a l c u l a t i o n s  
were compared t o  whis t l e r  obse rva t ions  a t  high and low 
l a t i t u d e s  with s a t i s f a c t o r y  q u a l i t a t i v e  agreement.  

[1960] der ived  a set of f i r s t  o rde r  d i f f e r e n t i a l  
equat ions a p p r o p r i a t e  f o r  numberical  i n t e g r a t i o n  
on high speed d i g i t a l  computers. Haselgrove [1957] 
presented c a l c u l a t i o n s  of wh i s t l e r  ray paths  us ing  
h i s  two-dimensional Ca r t e s i an  ray t r a c i n g  equa t ions ,  
t h e  quas i - long i tud ina l  approximation t o  the whistler 
index of r e f r a c t i o n ,  and the assumption of e l e c t r o n s  
only and of h o r i z o n t a l  s t r a t i f i c a t i o n .  
ray  paths were i n  reasonable  q u a n t i t a t i v e  agreement 
with those  of Maeda and Kimura [1956] .  

The f i rs t  c a l c u l a t i o n  of wh i s t l e r  ray  pa ths  i n  a 

They developed a r a y  theo ry  based on Fermat's 

Haselgrove [1955] and Haselgrove and Haselgrove 

The r e s u l t i n g  
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Yabroff [1961] published the f i r s t  whist ler  r a y  
p a t h  c a l c u l a t i o n s  which used the exac t  express ion  f o r  
the r e f r a c t i v e  index and which included the  cu rva tu re  
of  the ionosphere,  a l though he assumed a n  ionmphere  
composed of e l e c t r o n s  on ly .  FrDm h i s  c a l c u l a t i o n s  of 
r a y  paths  f o r  d i f f e r e n t  f requencies ,  d i f f e r e n t  
l a t i t u d e s ,  and d i f f e r e n t  i n i t i a l  wave normal angles ,  
he g r a p h i c a l l y  summarized conclusions about  the behavior  
of  r a y  pa ths  i n  the ionosphere.  

of r e f r a c t i o n  and r a y  t r a c i n g  e q u a t i m s ,  Hines  [1957] 
has shown that  f o r  VLF i t  is p o s s i b l e  t o  have t r a n s -  
v e r s e  propagat ion and t o  have rays r e f r a c t e d  back 
toward the earth a t  low a l t i t u d e s .  Hines, Hoffman, 
and Weil [1959] d i d  r a y  t r a c i n g  inc lud ing  p r o t m s  f o r  
the s p e c i a l  case Df t r a n s p o l a r  propagat ion .  K i m u r a  [1%6] 
published the f i rs t  r a y  t r a c i n g  r e s u l t s  which included 
e f fec ts  of the three dominant i o n s  i n  the upper 
i m o s p h e r e  H', He+, and 0'. 

r e s u l t i n g  from the i n c l u s i m  of  no i o n s ,  one im,  and 
three i o n s .  
was t o  confirm the i n t e r p r e t a t i m  Df the subprotona- 
s p h e r i c  whis t le r  given by Smith [1964]. 
r e s u l t s  agreed q u a n t i t a t i v e l y  with the o b s e r v a t i o n a l  
data on subprotonospheric  whistlers. This work of Kimura 
r e p r e s e n t s  the f i r s t  at tempt  t o  c m p l e t e l y  d e s c r i b e  a n  
ionospher ic  r a d i o  noise  phenomena i n  terms o f  r a y  t r a c i n g .  

When the e f f e c t s  of ions are included i n  the  index 

He  p r e s e n t s  r a y  paths 

The main purpose of h i s  r a y  t r a c i n g  s tudy  

The r a y  t r a c i n g  
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Edgar and Smith [1965] hzve -ised a c ~ i n p ~ : t e r  rcly 

t r a c i n g  pmgrarn inc luding  the  effect:., ?f 4-7.3 t o  
understan? a type of whistle:. 3bserve5 :,ear the 
geomagnetic equatpr  w i t h  C G 3 - I .  

were a ~ l o  t o  p r e d i c t  the  d i s p e r s i q n ,  shzpe, spac iqg  
i?, t i m e ,  and npse f r equenc ie s  of  these arrmal?us nnse 
w h i s t l e r s .  

Shawhan [I3671 has use6 the  computer ~ s y  t r a c i n g  
przgrarr, d i scussed  i n  t h i s  paper  to c a l c u l a t e  r a y  p a t h s  
i n  a m D d e l  ip,nc,spkere w i t h  i9r.z f 2 i -  v a r i a t i p n s  i n  
frequency, i n l t i a l  l a t i t u d e ,  i n i t i a l  a l t i t u r ! e ,  i n i t i a l  
wave nnrmal ang le ,  and m o d e l  ipncsnnere . Frequericy- 
time spectmgrams f w  bz tn  F n s i t i v e  and negxt ive i n n  
cyclDtron whistlers have been cn!rqii.ed, and e x p l m a t i 9 n s  
gf the hook, 1-iser, and check whistlers are prop3sed 
based  3ri r a y  t r a c i n g  r e s u l t s .  

t r a c i n g  program for the numerical  computation 
of r a y  p a t h s  i n  a m D d e i  ionosphere inc lud ing  heavy 
ims and a d i p o l e  xagne t i c  f i e l d .  This b a s i c  progran 
can be adagted Lo pmblerns ~ f '  exp la in ing  new x h i s t l e r s  
pbserved i n  s a t e l l i t e s ,  of  s tudying  xzve nprmal benavl3r 
gf whis t le rs  and VLF gr2;ind t r a n s m i t t e r  s i g n a l s ,  Df 
def in ing  the  conditiD.na f o r  duc t ing  of imistlers a long  
rnagnetic f i e l d  l i n e s ,  D f  exp la in ing  propagst  e f f e c t s  
d \W r a d i o  m i s e  such as the 13~; f requency cut3f'r' of 
VLF h i s s  and chorus m i s e  'Czrds, and p f  c a l c g i a t i n g  ray 
behaviDr i n  the o i l te r  magnetosphere, t h e  sglar wind and 
i n  g t h e r  p l a n e t a r y  i m p s p h e r e s  suck as f F r  J u p i t e r .  

By r ay  t r a c i n g  they  

T h i s  r q 2 , ) i - t  d i s cusses  a computer r a y  
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I n  Sec t ion  2 the  condi t ions  for t h e  v a l i d i t y  of  
ray t r a c i n g  r e s u l t s  are discussed and the  Haselgrgve 
[I9551 three-dimensional ray  t r a c i n g  e q u a t i m s  a r e  
g iven  and d i scussed .  These equat ions  are s p e c i a l i z e d  
t o  ray t r a c i n g  i n  a magnetic mer id ian  and t h e  expressims 
needed t o  eva lua te  these  equat ions f3r a model  iong- 
sphere are given i n  t h e  n o t a t i o n  3f S t i x  [1962] .  

A f low chart  of a cgmputer program t=, c a l c u l a t e  
r a y  paths  i n  a mdel  imosphe re  is  d e s c r i b e d  i n  
Sec t ion  3.  I n  Sec t ion  4 a F o r t r a n  IV c3mputer program 
is  l i s t e d  and i t s  performance d i s c u s s e d .  Examples are 
g iven  of t he  r e s u l t i n g  cpmputer p r i n t g u t  and of a sample 
r a y  pa.th. 

program or' Sec t ion  4 can be adapted f w  s p e c i a l  r a y  
t r a c i n g  problems. A r o u t i n e  i s  d iscussed  f3r f i n d i n g  
the  r a y  paths between two p o i n t s  i n  the model i m o s p h e r e .  

Coments  are made i n  Sec t ion  5 on how the b a s i c  
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2.0 RAY TRACING EQUATIONS 
2 . 1  Conditions f o r  V a l i d i t y  of Ray Trac ing  

Two cond i t ions  must be s a t i s f i ed  i n  o r d e r  t? 
Equations. 

v a l i d l y  use the r a y  t r a c i n g  appmach t o  energy 
propagation i n  a model ionosphere.  Because the  
express ions  f o r  the index of r e f r a c t i o n  g iven  i n  
Sec t ion  2 . 3  are der ived  with the assumption gf p l m e  
waves [see St ix ,  19621, the cond t t ion  f o r  t h e  WKB 
approximation must be s a t i s f i e d .  I n  terms of the 
index of  r e f r a c t i o n  t h i s  c o n d i t i o n  can be w r i t t e n  

where n i s  the phase index o f  r e f r a c t i D n  a long  the 
r a y  path,  dn/ds i s  the d e r i v a t i v e  Df' t he  index 31' 
r e f r a c t i o n  a long  t h e  ray path and w i s  the wave 
frequency.  E q u a t i m  (1) is g e n e r a l l y  s a t i s f i ed  iT' 
near a r e f l e c t i o n  p o i n t  dn/ds goes t o  z e r 3  fas ter  
than n , if dn/ds i s  nDt large,  as i t  cguld be fr\r 

large d e n s i t y  3r temperature g r a d i e n t s  i n  the  
ionosphere, o r  i f  i s  nDt t o o  low. 

Because the Haselgrove 119551 r a y  t r a c i n g  
equat ions are based ori a Poynting v e c t o r  approach, 
the  ionosphere m m t  be nm-absorbing; the  c ~ 1 l l s h r - i  
frequency (charged-charged and n e u t r a l - c h r g e d )  i n  
the ionmphere must be much less than  the wave 
frequency of i n t e r e s t .  If the medium i s  a b s w b i n g  

2 
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Hines 119511 has shown that a wave packet  approach 
g i v e s  the more p h y s i c a l  r e su l t s .  Fer the Earth 
ionosphere and wave f requencies  above 100 Hz, ray 
t r a c i n g  i s  g e n e r a l l y  v a l i d  above apprDximately 100 km. 
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2.2 Three-Dimensional Haselgrove Equat ions 
HaselgrDve [1955 1 and Haselgrove and Haselgrme 

[1960] made an  impartant  c a n t r i b u t i o n  t o  the pmblem 
of r a y  t r a c i n g  by d e r i v i n g  a c losed  set  of f i r s t  c?rder 
d i f f e r e n t i a l  equat ions  i n  general c u r v i l i n e a r  c m r d i n a t e s  . 
This gene ra l  s e t  of equat ions  can be w r i t t e n  i n  spher ica l  
polar caord ina te s  and bath the centered  d ipo le  magnetic 
f i e l d  and the concent ra t ion  g r a d i e n t s  can be t r e a t e d  
without the assumption of h o r i z o n t a l  s t r a t i f l c a t i m .  
Because these d i f f e r e n t i a l  equat ions  are first 3,rder 
i n  an Independent v a r i a b l e  (phase t i m e ) ,  they are 
readily i n t e g r a t e d  numerical ly  i n  a d i g i t a l  computer.  

The three-dimensional  set of r a y  t r a c i n g  e q u a t i n n s  
appraprlate far t r a c i n g  r a y  paths i n  a m D d e l  innpspkere 
i s  as fo l lows:  

d% dn 
E=+- r n s i n  0 
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where r, €3, l8 are the s p h e r i c a l  po la r  coord ina tes ,  n i s  the 

phase r e f r a c t i v e  index, pr ,  p e ,  ppr a r e  the  components of 

t h e  index d' r e f r a c t i o n  n 

phase time along the r a y  pa th .  

2 2 2 2 = p r  + pe + pD, and t i s  the  

One important  f e a t u r e  of  r a y  t r a c i n g  w i t h  s p h e r i c a l  

p d a r  coord ina tes  i n  t h e  isnosphere not  emphasized by 

Haselgrove [1955] i s  t h a t  there is  no genera l ized  f o r m  

o f  S n e l l ' s  law ( see  Kelso, 1964).  Only i n  the case tha t  

v n  i s  a cons tan t  vec to r  for a given Ti, can a form of 

S n e l l ' s  law be d e r i v e d  from t h i s  genera l ized  cao rd ina te  

t r ea tmen t .  
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2.3 Two Dimensional Equations and Expressions 

f o r  a Model Ionosphere 

For  r ay  t r a c i n g  i n  a model Earth ionosphere the 

equat ions (2)  can be s p e c i a l i z e d  t o  express ions  f o r  

ray t r a c i n g  i n  a magnetic meridian.  For  the case  

t h a t  ppI = 0 i n i t i a l l y  and where an/b$ = 0 and 

a n h p p l  =I 0, the r ay  must s tay I n  the magnetic meridian.  

Neglect  of dev ia t ions  of the  ray path i n  the PI 
d i r e c t i o n  i s  a good f i rs t  approximation when a centered  

d ipo le  approximation f o r  the magnetic f i e l d  I s  used, 

and when the magnitude of concen t r a t ion  g r a d i e n t s  i n  

t h e  $ d i r e c t i o n  is  considered even f o r  p @  # 0 i n i t i a l l y .  

The express ion  f o r  a dipole magnetic f i e l d  has no 

dependence, t h e r e f o r e  the component of B is ze ro .  

Also, the l o n g i t u d i n a l  ( d i u r n a l )  g r a d i e n t s  i n  the 

e l e c t r o n  and i o n  concent ra t ions  i n  the ionosphere are 

gene ra l ly  much smaller than the g r a d i e n t s  with radial 

d i s t a n c e  and with l a t i t u d e  and, t oo ,  the index of 

r e f r a c t i o n  is  greater perpendicular  t o  the  magnetic 

meridian so t h a t  l i g h t n i n g  energy tends  t o  be 

refracted i n t o  the  magnetic meridian.  Therefore ,  the 

r e f r a c t i v e  index has a small $ and pp, dependence and 

t h e  r a y  path would not  be expected t a  d e v i a t e  apprec i ab ly  
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i n  the ($ d i r e c t i o n .  

t r a c i n g  equat ions  t o  be  In t eg ra t ed  a r e  

The two dimensional ray  

I n  add i t ion ,  d i f f e r e n t i a l  equat ions f o r  the path 

length along the r a y  path and the group delay t i m e  

are g iven  by Haselgrove [1955] : 

where $ i s  the angle  between the magnetic f i e l d  

d i r e c t i o n  and the index of r e f r a c t i o n  vec to r  ?I, w i s  the  

wave frequency i n  r a d  sec'', and c is  the v e l o c i t y  of 

l i g h t  i n  a vacuum. 
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In de r iv ing  the expl ic i t  forms f o r  the q u a n t i t i e s  

i n  the two dimensional se t  of ray t r a c i n g  equat ions  

(3) (4) and (5) Yabroff [1961] and Kimura [ 19661 

used the Appleton-Hartree formulat ion f o r  the index 

of r e f r a c t i o n .  We p resen t  the express ions  f3r 

n -  d n  9 -9 d n  E Y  d n  Z Y  d n  and E i n  the cold plasma formu- 

l a t i o n  of S t ix  [I962 3 .  
d p y  o p e  

1. Phase Index of Refrac t ion  n 

According t o  S t i x  n2 is the s o l u t i o n  t3 the 

quadra t i c  equat ion  

(6) 4 2 An - B n  + C = O  

i n  t he  form 

B + F  
2A 

n* = ( 7 )  

where 

and 

( 8 )  
2 A = s s i n  + P cos2 9 

B = RL s i n 2  q + PS (1 + cos2 (9) 

c = PRL 

F2 = (RL - PS)2 

L Z  
w R = 1 -  

k 

4 2 2  s i n  $ + 4 P D  



D = F ( R - L )  1 

S = F ( R + L )  1 . 

I n  the expressions (12) t o  (14) we have used 
47r nk e 2 

T t ;  = plasma frequency squared (17) 
mk 

- e B  gyrofrequency "k - 1 1 
= e/ l e !  sign of e l e c t r o n i c  charge (19) %k 

afid +I. b1lS s*-m-+4-n ObUlUIICIYI".. -1.---- +ride* k r e p r e s e n t s  a l l  ions  and the 

e l e c t r o n s .  Therefore  mk is  the mass and nk the number 

d e n s i t y  f o r  the kth c o n s t i t u e n t .  The s i g n  t o  be used 

i n  equat ion  (7) f o r  the phase r e f r a c t i v e  index i s  

determined by the  p a r t i c u l a r  reg ion  of the CMA diagram 

and by the  desired mode [see Stix,  19621 For t h e  

e l e c t r o n  w h i s t l e r  mode [cr: > i l l ]  the minus s i g n  g ives  

the c o r r e c t  branch f o r  up going waves. F o r  up going 

waves i n  the ion  cyclotron mode (pro ton  w h i s t l e r )  the  

p l u s  s igns  g i v e s  the co r rec t  branch.  I n  t h e  case of 
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downgoing e l e c t r o n  whist ler  waves the s i g n  m u s t  be 

changed from minus t o  p l u s  f o r  the case t h a t  th-. w 

frequency i s  less  than  the i o n  c y c l o t r o n  frequency 

(see Shawhan, 1967). 

2 .  Der iva t ives  of the form a n h p  

? ! 

Der iva t ives  of t h i s  form can  be de r ived  from the 

express ion  

Noting a g a i n  that p r  and p e  are the components of 

the Index of r e f r a c t i o n  i n  the  r, 8 d i r e c t i o n s  

r e s p e c t i v e l y ,  dn/dpi i s  de r ived  from the d e f i n i t i o n  

of the angle  $ :  

P r  Br + Pe Be 
PB 

cos $ = 

which y ie lds  

An expres s ion  for a n / b $  is  obta ined  by d i f f e r e n t i a -  

t i n g  equat ion  (6) with respect t o  Q: 



4An’ - 2Bn 

From d i f f e r e n t i a t i a n  of ( 8 ) ,  ( 9 ) ,  and (10) with r e s p e c t  

t o  $ we have 

d C  
d *  = o .  - 

( 2 3 )  

The express ions  (23) are used i n  (22) and t h e  product  

of (22) with (21) g ives  an /dp .  

3 .  

The 

dn - 
dXi 

I 

Deriva t ives  of the form dn/dXi where xi = (r, 9) 

gene ra l  expression f o r  dn/dxi i s  given by 

Each term of (24) must  now be eva lua ted .  
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I n  the same manner as for (22) w e  o b t a i n  

where ( 8 ) ,  (g), and (10) are used t o  o b t a i n  the 

d e r i v a t i v e s :  

2 T = F ( T  + 7 )  s i n  t +T d P  cos * dA 1 dR aL  2 

"k "k *'k *'k 

dB bL bR 2 1 d R  dL - = ( ~ - + ~ T ) s i n  + + ( F P ( - ; T + T )  
dnk 

2 
*'k 

2 
"k dvk "k 

+ S T )  bp ( l + C O S  2 q )  0 

'k 



where the d e r i v a t i v e s  of R,  L, and P are obta ined  

from (12), (13), and (14):  

Equations (27 )  are used i n  equa t ions  (cu) I h Z  \ t~ give the 

expres s ion  ( 2 5 ) .  

A s  f o r  (22) and (25)  

bC + -  4 d A  2 dB q ank n - -  
- = -  dn "k 
. A  

'"k 4An3 - 2Bn 2 
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and 

dR 2 1 d L  dL + L - )  dUk s i n  + T P  ( % + - )  dilk d L A k  

2 (1 + c3s  $ )  

and for (29) 

The equations ( 3 0 )  are used i n  (29) to  obta in  dn/dLlk 

by (28) 



It i s  assumed, thmgh not n e c e s s a r i l y  so ,  that 

With more experimental  measurements i t  may 
2 

'*k - = 0 .  d e  

be found t h a t  the g rad ien t s  of concent ra t ion  with 

l a t i t u d e  a r e  s i g n i f i c a n t .  

t r a c i n g  program, they are assumed t o  be ze ro .  From 

(17) we have that 

For t h i s  p re sen t  r a y  

dnk 4T2 e 
- = -  

"k o r  
"k - 

d r  

Modifying the work of Angerami and Thomas [I9641 f o r  

a d i f f u s i v e  equi l ibr ium model of the ionosphere,  

we have 

where z i s  the geopo ten t i a l  height  

z = ro (r  - ro)/r (33) 

f o r  ro b e i n g  a r e fe rence  a l t i t u d e  a t  which the 

f r a c t i o n a l  concent ra t ions  of the ions  with r e s p e c t  t o  
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the e l e c t r o n s  i s  g iven :  

ko n 
neo 

= -  

Hk is  the  s c a l e  height f o r  the kth i o n  

Hk = kT/mk go 

and g 0 i s  the a c c e l e r a t i o n  of g r a v i t y  a t  ro. 

From these  r e l a t i o n s  we obtain 

- &2 
"e - "eo 

'z/Hk Q 4 2  a e  - 
"k - ne3 ko 

F i n a l l y  

2 
e ro 2 1 1  2 - or = ( F )  F q  d Z  *e 

where 

(34) 

(35) 

(36) 



21 

The magnitude of t h e  centered d i p o l e  magnetic 

f i e l d  i s  given by 

r E  3 \ 1/2 
B = 0.312 ( 7 ) (1 + 3 cos2 e )  

where rE = 6370 km, so that 

i lk . 3 COS e s i n  e 
(1 + 3 cos e )  

d ilk 
- = -  .- 

2 80 

From the express ion  

(39) 
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o$/oxi is  obta ined ,  where y i s  the ang le  between the 

magnetic f i e l d  d i r e c t i o n  and r a d i u s  v e c t o r  r and i s  

def ined by 

tan y = 3 t a n  e . 

From (41), therefore, f o r  a cen te red  d i p o l e  f i e l d  

d r  

S ince  Br = B cos y 

Be = B s i n  y 

the d e f i n i t i o n  of + I s  used t o  obtain 

(43) 



2 3  

4 .  Der iva t ive  dS/dt 

The express ions  f o r  n2 and dn/d$ t o  be used i n  

eq;uati=;n (4) are  g i v e n  by (7) and ( 2 2 ) .  

5. Der iva t ive  dT/dt  

For equat ion  (5)  we have 

2 6~ ac n -  + -  4 dA n - -  dn aw del: ou 
du 4An3 - 2Bn2 - = -  

(45) 

and 

- = -  d A  1 dR + - ) s i n  c!L 2 $ + =  a p  cos  2 $ 
e o  2 ( o w  b(L' 

f o r  which 
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The equat ions  l i s t e d  i n  th i s  s e c t i o n  are the 

express ions  necessary t o  c a l c u l a t e  the ray path 

( r ,  e ) ,  the r and 0 components of the index 3f 

r e f r a c t i o n  v e c t o r  n = (p: + P;)~’~, the t c t a l  pa th  

l e n g t h  S, and the t o t a l  t i m e  delay a long  the path T, 

f o r  a g iven  frequency and a g iven  i n i t i a l  wave 

normal angle (p,/p and p e / p  s p e c i f i e d ) .  

noted that  these expres s ions  are e q u a l l y  v a l i d  for a l l  

f r equenc ie s .  

It should be 

For HF, however, the equa t ions  can  be 

s impl i f ied  and computation t i m e  shortened For  ELF 

care must be t a k e n  i n  the computer program t o  avoid 

a d d i t i o n  and s u b t r a c t i o n  of very large q u a n t i t i e s .  
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3.0 FLOW CHART OF COMPUTATIONAL NZTHOD 

The ray t r a c i n g  equat ions  (3) cannot b e  solved 

i n  g e n e r a l  f o r  a model ionosphere with a 

magnetic f i e l d  and an  exponent ia l - l ike  ionosphere.  

Ray paths must t h e r e f o r e  be  c a l c u l a t e d  numerical ly  

as an i n i t i a l  va lue  problem. 

d i p o l e  

I n  F igure  1 i s  g iven  a f l o w  c h a r t  i l l u s t r a t i n g  

a method t a  e f f i c i e n t l y  c a l c u l a t e  ray paths i n  a 

model ionosphere.  I n  Sec t ion  3.1 the data t o  

i n i t i a l i z e  the problem i s  read i n .  With these data 

the Runge-Kutta r o u t i n e  i n  S e c t i o n  3.2 is  used t o  

c a l c u l a t e  the next  three p o i n t s  on the  r a y  pa th .  

The ray t r a c i n g  equa t ions  are eva lua ted  i n  Sec t ion  3.6 

t o  g ive  the  Runge-Kutta p r e d i c t o r  and c o r r e c t o r  v a l u e s .  

These f i rs t  three p o i n t s  s t a r t  the Adams-Bashforth 

r o u t i n e  i n  Sec t ion  3.3 which con t inues  c a l c u l a t i n g  

p o i n t s  on the r a y  pa th  but  fas ter  than  the Runge- 

K u t t a  method. Again the  r a y  t r a c i n g  equa t ions  are 

eva lua ted  i n  Sec t ion  3.6. The c a l c u l a t e d  va lues  f o r  

each p o i n t  are then  w r i t t e n  o u t  (Sec t ion  3.4) and a 

new set  of i n i t i a l  data read i n  (Sec t ion  3 .5 ) .  
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1 

3.1 Read i n  Data t o  
I n i t i a l i z e  Program 

Figure 1 

RAY TRACING PROGRAM FLOWCHART 

1 

t 
3.2  Runge-Kutta Routine 

a .  F i r s t  Three Po in t s  
b . S t a r t  for Reduced 

I n t e g r a t i o n  S tep  S i z e  

3.3 Adams-Bashforth Routine 
a .  Bulk  of I n t e g r a t i o n  
b. Check P r e d i c t o r  Against  

Corrector  t o  .Ol$, Reduce 
I n t e g r a t i o n  Step S ize  
Update p r  and p Q  by n c .  

13.4 Write Each Poin t  I 
1 

13.5 Continue f o r  Next I n i t i a l  I 
Data Set 

[ 3.6 Ray Tracing Equat ions 
a .  Ray Tracing Expressions (6) - (47) 
b .  Reduce I n t e g r a t i o n  S tep  When 

Close t o  Resonance 

a- 

4- 



3.1 Read i n  Data t o  I n i t i a l i z e  Program: I n i t i a l  

v a l u e s  f o r  the ray t r a c i n g  q u a n t i t i e s  m u s t  be s p e c i f i e d .  

These q u a n t i t i e s  a r e  Ro and eo the p o l a r  coord ina tes  

of the  s t a r t  of the r a y  path and C., the i n i t i a l  

d i r e c t i o n  of the wave normal angle  with r e s p e c t  t o  

the rad ia l  d i r e c t i o n .  Also the wave frequency w ,  the  

i n t e g e r  value which s p e c i f i e s  the parameters  f o r  the 

model ionosphere ro, alO, a20, T and neo (see equat ions  

( 3 2 ) - ( 3 6 )  ) , t he  i n t e g r a t i o n  s t e p  s i z e  and the number 

of p o i n t s  t o  be c a l c u l a t e d .  
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3.2 Runge-Kutta Routine: 

a .  Once a l l  the start ing parameters have 

been s p e c i f i e d  the f o u r t h  o r d e r  Runge-Kutta i n t e g r a t i o n  

r o u t i n e  is used t o  o b t a i n  the  nex t  three p o i n t s  a long  

the ray path 

d i f f e r e n t i a l  equat ions  (21) a t  each p 9 i n t .  It i s  

t h e s e  first f o u r  d e r i v a t i v e s  and va lues  r, 8 ( p o l a r  

coord ina te s ) ,  p,, pe ( r - ,  @-component of i ndex  of 

r e f r a c t i o n ) ,  S ( p a t h  l e n g t h ) ,  T (group t i m e  de l ay )  

that are needed t o  s tar t  the f o u r t h  order  Adams- 

Bashforth i n t e g r a t i o n  r o u t i n e .  Values of the 

d e r i v a t i v e s  f o r  the c u r r e n t  v a l u e s  of r, 0 ,  p r ,  pet 
S, and T are obta ined  by t r a n s f e r r i n g  t o  Part  3.6, 

Ray Tracing Express ions .  

three p r e d i c t o r s  and one c o r r e c t o r  f o r  the nex t  

p o i n t  must be evalua ted  [Abramowitz and Stegun, 19641. 

F o r  t h e  Adams-Bashforth r o u t i n e ,  however, o n l y  one 

p r e d i c t o r  and one corrector i s  c a l c u l a t e d  so that t h i s  

l a t te r  r o u t i n e  i s  faster  and t h e r e f o r e  used f o r  the 

bulk  o f  the i n t e g r a t i o n .  

and the va lues  of the r a y  t r a c i n g  

For  the Runge-Kutta r o u t i n e  

b. T h i s  Runge-Kutta Routine i s  also used t a  

o b t a i n  t h e  first three p o i n t s  of the r a y  path after the 



i n t e g r a t i o n  s t e p  is  reduced in the Adam-Bashfprth 

r m t i n e  3r in the c a l c u l a t i m  3f the  r a y  t r ac ing  

c,--,reesions. K i t h  t h e  r e r l u ~ t L 3 n  nf' t h e  integration 

s t e p  s i z e  the three new p o i n t s  and d e r i v a t i v e s  pf  

the  ray t r a c i n g  q u a n i t i e s  a t  these p o i n t s  are 

r equ i r ed  t o  c m t i n u e  i n  the Adams-Bashforth 

r o u t i n e .  



3 .3  Adams-Bashforth Routine 

a .  Equations f o r  the f o u r t h  o rde r  Adams- 

Bashforth i n t e g r a t i o n  r o u t i n e  are g iven  by Abranowitz 

and Stegen [1964]. T h i s  r o u t i n e  can be used once the 

first four starting p o i n t s  have been obtained with the 

Runge-Kutta r o u t i n e .  

c o r r e c t o r  a r e  requi red  f o r  th i s  r o u t i n e  therefore 

the time consuming c a l c u l a t i o n  of the ray t r a c i n g  

expressions has t o  be done only twice for each p o i n t .  

This r o u t i n e  i s  t h e r e f o r e  used f o r  the bulk  of the 

Only one pred ic tor  and one 

r a y  path de te rmina t ion .  

b .  To i n s u r e  that q u a n t i t i e s  i n  P a r t  3.6 

are not changing too  fast  between i n t e g r a t i o n  steps,  

the p r e d i c t o r  is  compared t o  the c o r r e c t o r .  

percentage d i f f e r e n c e  is  greater than  O.Ol$ ,  then  the 

i n t e g r a t i o n  i n t e r v a l  is  halved.  

r o u t i n e  i s  then  used t o  start  the c a l c u l a t i o n s  f o r  

the next p o i n t s  with the reduced i n t e g r a t i o n  s t ep .  

This t e s t  to 0.01% is  made f o r  a l l  of the r a y  t r a c i n g  

If the 

The Runge-Kutta 

q u a n t i t i e s .  

c .  I n  P a r t  3.6 the va lues  of p r  and pQ 

are cor rec ted  i n  the manner suggested by Yabroff E19611 



2 2 2 i n  o rde r  t h a t  p r  + p 8  = n . 
of the  p r e d i c t o r  and co r rec to r  a r e  also cor rec ted  

for o and o A  SD t h a t  no i n t e g r a t i o n  error can 

accumulate.  T h i s  c o r r e c t i m  r o u t i n e  has been 

added t o  the s tandard Adams-Bashforth methDd and 

has yielded improvement i n  t h e  i n t e g r a t i o n  accuracy.  

i n  P a r t  3.3 the  v a l u e s  

r tr 
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3.4 Write Each Poin t :  As each p o i n t  i s  

ca l cu la t ed  along t h e  ray path,  the va lues  f o r  r 

and 8 ( p o l a r  coord ina tes  of r a y  pa th ) ,  A (wave 

normal a n g l e ) ,  n ( index of r e f r ac t im) ,  S ( t o t a l  

path l eng th )  and t ( t i m e  de l ay  a long  the pa th )  are 

p r in t ed  o u t .  Also o t h e r  q u a n i t i e s  of i n t e r e s t  can 

be l i s t e d .  



33 

3.5 Continue f o r  Next I n i t i a l  Data Set: With 

a loop i n  the program many sets of i n i t i a l  cond i t ions  

can be read i n  and the r e s u l t i n g  ray paths computed. 

A series of i n i t i a l  condi t ions  may be des i r ed  t o  

s tudy  the behavior  of ray paths with respect t o  

v a r i a t i o n  of a l t i t u d e ,  l a t i t u d e ,  f requency,  wave 

normal angle, o r  mode l .  
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3.6 Ray Tracing Equations: 

a .  It i s  t h i s  P a r t  3.6 i n  which the 

expressions f o r  t he  gyrofrequencies ,  plasma 

frequencies ,  index of r e f r a c t i o n ,  and a l l  of the 

necessary d e r i v a t i v e s  given i n  Equat ions (6) t o  (47) 

are ca l cu la t ed .  From the c u r r e n t  va lues  of r, 8, 

p r ,  pg, S, T, the d e r i v a t i v e s  g iven  by the r a y  

t r ac ing  equat ions ( 3 ) ,  (4) , and (5) are eva lua ted  

f o r  use i n  obta in ing  the next  p o i n t .  The c o r r e c t i o n  

of p r  and pe w i t h  r e s p e c t  t o  the c a l c u l a t e d  value 

of the index of r e f r a c t i o n  is  made i n  t h i s  part  as 

suggested by Haselgrove [1955] and Yabroff [1961].  

b. A t  a resonance i n  the index of r e f r a c t i o n  

the i n d e x  of r e f r a c t i o n  is large p o s i t i v e  on one s i d e  

of the resonance and large imaginary on the o the r -  

s ide.  For  a f i n i t e  i n t e g r a t i o n  s t e p  i t  is p o s s i b l e  

t o  ' s tep  over '  a resonance and t o  in t roduce  extraneous 

values  of the r ay  t r a c i n g  q u a n t i t i e s  and t h e i r  

d e r i v a t i v e s  because of t h i s  d i s c o n t i n u i t y .  The index 

of r e f r a c t i o n  squared i s  t h e r e f o r e  t e s t e d  a t  each s tep .  

When it becomes negat ive  the i n t e g r a t i o n  s tep  s i z e  i s  

reduced and the Runge-Kutta r o u t i n e  used u n t i l  a p o i n t  



35 

is obtained f o r  which the index of r e f r a c t i o n  i s  

p o s i t i v e .  

Figure 1 g ives  the scheme of c a l c u l a t i o n  of ray 

paths i n  a model ionosphere independant of programming 

language o r  s p e c i f i c  computer. 

a s p e c i f i c  r a y  t r a c i n g  program is given  and d iscussed .  

I n  the next s e c t i o n  



4.0  FORTRAN IV COMPUTER PROGRAM 

Digital computers have made i t  p 9 s s i b l e  tr, 

compute ray pa ths  f D r  a m D d e l  ionosphere with high 

speed and accuracy .  

r a y  t racing program is g i v e n .  T h i s  pngrarn i s  

w r i t t e n  i n  FORTRAN I V  and i s  intended t:, run  on an 

IBM 7044 computer. T h i s  basic program i s  des igned  

t o  c a l c u l a t e  twa-dimensional r a y  paths  i n  a magnetic 

meridian f o r  any f requency .  

i n  t h i s  program i s  a d i f f u s i v e  e q u i l i b r i u m  mgdel 

inc luding  three i o n s  H+, H e +  and O+. 

I n  Sec t ion  4 . 1  a n  example of a 

The p a r t i c u l a r  model 

In  Sec t ion  4.2 t h i s  pmgram is  desc r ibed  i n  

d e t a i l .  The performance i s  d iscussed  i n  S e c t i o n  4.3 

and i n  S e c t i m  4.4 a n  example D f  the computer p r i n t -  

o u t  i s  i l l u s t r a t e d  a long  with.  the p l o t  of a r a y  p a t h .  
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4.1 Ray T r a c i n g  Pragram 

THIS PROGRAM CALCULATES TWO DIMENSIONAL RAY PATHS FOR ANY 
FREQUENCY I N  A MODEL IONOSPHERE WITH A D I P O L E  MAGNETIC F I E L D  
AND A D I F F U S I V E  E Q U I L I B R I U M  COMPOSITION OF H+, HE+r O+ 

V A R I A T I O N  W I T H  FREQUENCY AT 3ODEG 

Y ( l ) =  R A D I A L  D I S T A N C E  FROM CENTER OF EARTH I N  K M  
Y ( 2 ) =  C O L A T I T U D E  I N  R A D I A N S  
Y ( 3 ) =  R A D I A L  COMPONENT OF I N D E X  OF REFRACTION 
Y ( 4 ) =  L A T I T U D E  COMPONENT OF I N D E X  OF REFRACTION 
Y ( 5 ) =  TOTAL P A T H  LENGTH IN KM 
Y ( 6 ) =  TOTAL PATH DELAY T I M E  I N  SECONDS 



H ! 3 ) = 0 0 0 6 2 5 * H ( 1 )  
ALF0(3)=1.-ALF0(2)-ALFO(l) 
Z 1 = RO-63 70  
DO 1000 J2=1,M4 
FREQ=FREQl(J2)*6 .28318 
DO 1000 J l z l r M 5  
D E L l = D E L 2 (  J1 )*0.0174532 
DELT=DELTA/SQRT (FREQ*1059155E-4 )  
W R I T E ( 6 , 1 1 ) M 2 * R l r T H H I D E L 2 ( J I ) , F R E Q l ( J 2 )  ,M3rDELTArZ1,ANEO, 

1ALFO( 1 )  rALFO ( 2  ) ,TEMP 
11 FORMAT(1Hlr5X,1OHDATA SET = , I ~ / ~ X ~ ~ H R ~ = , F ~ O ~ , ~ H K M , S X , ~ H T H ~ = , F B . ~ ~  

~ ~ H D E G , ~ X I ~ H D E L ~ = , F ~ . ~ , ~ H D E G , ~ X , S H F R E Q = ~ F ~ O O ~ ~ H C P S ~ ~ X ~ ~ H M = ~ I ~ ~ ~ X ~  
~ ~ H D E ~ T A ~ ~ F ~ ~ O ~ / ~ X ~ ~ H R O ~ ~ F ~ ~ ~ ~ ~ H K M , ~ X , ~ H N E O ~ ~ ~ P E ~ O ~ ~ ~ ~ H C M ~ ~ ~ ~ X ~  
~ ~ H A L F ~ ( ~ ) = , O P F ~ ~ O ~ , ~ X ~ ~ H A L F ~ ( ~ ) = , F ~ ~ . ~ , ~ X ~ ~ H T E M P = ~ F ~ . ~ ~ ~ H D E G  K )  

WRITE(6 ,  1 2 )  
12 F O R M A T ( ~ H O I S ~ ~ ~ H R ~ ~ ~ X , Z H T H I ~ X , ~ H D E L ~ ~ ~ ~ ~ H N ~ ~ O X ~ ~ H T ~ ~ X ~ ~ H ~ S I ~ ~ X ~  

~ ~ H N E V ~ X ~ ~ H F E , ~ X , ~ H F L H R , ~ X , ~ H D E L T I B X , ~ H K K )  
N=C) 
MARK=O 
Y ( 1 )  = R 1  + 6 3 7 0 0  
Y ( 2 )  = (90o -THH)*O00174532  
Y ( 5 )  =O. 
Y ( 6 )  = O o  

C 
C BEGIN 4TH ORDER RUNGE-KUTTA INTEGRATION FOR 1ST FOUR POINTS 
C 

23  DO 25 K=1,4 
KS=K 
GO TO 100 

K=KS 
1 3  CONTINUE 

DO 1 4  L = l r 6  
X ( L 9 K  ) = Y  ( L )  

14 D 2 ( L * K ) = D l ( L )  
C I F  K=4  TRANSFER TO ADAMS-BASHFORTH INTEGRATION 

IF(KoNE.4)  GO TO 2 4  
IF(MARKoNE.1) GO TO 2 5  
KK=KP 
GO TO 2 7  

2 4  DO 1 5  L = l r 6  
PPP ( L  )=DELT*Dl  ( L  ) 

KS=K 
GO TO 100 

K=KS 
DO 17 L = l r 6  
Q Q Q ( L ) = D E L T * D l ( L )  

KS=K 
GO T O  100 

K=KS 
DO 19 L=1,6 
V V V ( L ) = D E L T * D l ( L )  

1 5  Y ( L ) = X ( L I K ) + O ~ ~ * P P P ( L )  

16 CONTINUE 

1 7  Y ( L  ) = X  ( L ,K) + 0 o  5*QQQ( L ) 

1 8  CONTINUF 



1 9  Y ( L ) = X ( L ~ K ) + V V V ( L )  
K q = K  
GO T O  100 

20  CONTINUE 
K=KS 
DO 21 L = l r 6  
S S S ( t ) = D E L T + D l ( L )  

7 1  X ( L , K + l ) = X ( L , K ) + t P P P ~ L ~ + ~ * ~ ~ ~ ~ ~ ~ j t ~ o ~ ~ ~ ~ ~ ~ ; ~ ~ ~ ~ ~ ~ i ; ~ o i ~ ~ ~ ~ ~ ~ ~  
IF (MARKoEQ.1 )  GO T O  25 
N=O 
R 2 = X ( l , K + 1 ) - 6 3 7 0 .  
TH2=90*-5702958*X(2,K+l) 
D E L 3 = 5 7 0 2 9 5 8 * D E L  
W R I T E ( 6 ~ 2 2 ) R 2 ~ T H 2 ~ D E ~ 3 ~ A N l ~ X ( 6 ~ K + l ~ ~ P P S I ~ A N E R ~ O O M 4 ~ A L H R ~ D E L T ~ K  

22 F O R M A T ( 1 H  , 6 F l l 0 5 , 4 F l l o 2 ~ 1 5 )  
25 CONTINUE 

C 
C B E G I N  4 T H  ORDER ADAMS-BASHFORTH I N T E G R A T I O N  FOR REMAINDER OF M 3  
C 

KP=O 
MM=M3-1 

LLL=O 
J K = O  
DELT=DELTA/SQRT(FREQ*lo59155E-4) 

Y ( L ) = X ( L , ~ ) + ( D E L T * ( ~ ~ ~ * D Z ( ~ ~ ~ ) - ~ ~ ~ * D ~ ( L ~ ~ ) + ~ ~ O * D Z ( L ~ Z )  

26 DO 50 KKt4,MM 

27 DO 28 L = l r 6  

C-9m*DZ(L,l))*o041666667) 
28 P l ( L ) = Y ( L )  

MARK=O 
N =4 
KT=KK 
GO TO 100 

29 CONTINUE 
KK=KT 

P 1 ( 3 ) = R H O R  
P 1 ( 4 1 =RHOTH 

C UPDATE FOR VALUES O F  RHOR AND RHoTH 

DO 3 0  L=1,6 
Y ( L ) =  X ( L ~ ~ ) + ( D E L T * ( D ~ ( L ~ ~ ) - ~ . + D ~ ( L ~ ~ ~ + ~ ~ O * D ~ ( L ~ ~ ~ + ~ O * D ~ ~ L ~  1 

C * o 0 4 1 6 6 6 6 6 7 )  

DO 38 L = l r 6  
30  C I ( L ) = Y ( L )  

C H E C K ( L ) = D I M ( P ~ ( L ) , C ~ ( L ) ) / P ~ ( L )  
38 I F ( C H E C K ( L ) o L T m l . E - O 4 )  GO T O  39 

KP=KT 
MARK = 1 
N = 0  
D F L T = O o 5 0 * D E L T  
DO 40 L = l t 6  

40 Y ( L ) = X ( L , 4 )  
GO TO 2 3  

39 J K = 1  
KT=KK 
GO TO 100 



C 

C 

C 
C 
C 

C 
C 
C 

C 
C 
C 
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3 1  CONTINUE 
KK-KT 
UPDATE FOR VALUES O F  RHOR AND RHOTH 
C 1 ( 3 1 =RHOR 
C 1 ( 4 )  =RHOTH 
J K = O  
DO 3 2  Ls196 

KT=KK 
GO TO 100 

33 CONTINUE 
KK=KT 

32  Y(L)=(251.+C1(L)+19o*Pl(L))*.0037037O37 

R 2 = Y ( 1 ) - 6 3 7 0 0  
TH2=900-57 .2958*Y  ( 2 1 
DEL 3~ 57 295 8 *DEL 
W R I T E ( 6 r 3 4 ) R 2 ~ T H ~ ~ D E L ~ ~ A N l ~ Y ( 6 ) ~ P P S I ~ A N E R ~ O O M 4 ~ A L H R ~ D E ~ T ~ K K  

I F ( R 2 o G E o 3 0 0 o ) G O  TO 3 6  
34 FORMAT(1H 9 6 F l l 0 5 r 4 F l l o 2 9 1 5 )  

W R I T E 1 6 9 3 5 1  
35 FORMAT( lHO921HRAY HAS REACHED 3 0 0 K M )  

GO TO 1000 
STORE PREVIOUS VALUE AND D E R I V A T I V E S  

36 DO 37 Lp196 
X ( L  9 4  ) = Y  ( L )  
D 2 (  L9 1) = D 2 ( L  9 2  1 
D 2 (  L92 )  = D 2 ( L  9 3  1 
0 2  L 9 3  1 =D2(  L 94 1 

37 D 2 ( L 9 4 ) = D l ( L )  
50 CONTINUE 

GO TO 1000 

RAY TRACING EQUATIONS 

100 N=N+1 
COSTH=COSlTH) 
S I N T H = S I N ( T H )  
COSTH2=COSTH**2 
S I N T H 2 = S I N T H * * 2  

CALCULATE GYROFREQUENCIES 

COSR=SQRT( lo+3o*COSTH2)  
B 0 ~ 8 0 0 6 8 2 E + 1 0 * C O S B * ( R  * * ( - 3 ) )  
O M ( 1 ) + 9 0 5 7 9 2 6 7 E + O 3 * B O  
O M ( 2 ) = 0 0 2 5 * O M ( l )  
O M ( 3 ) = 0 0 0 6 2 5 * O M ( l )  
O M ( 4 ) = + 1 8 3 6 0 1 3 8 8 * O M ( l )  
OOM 1 =OM ( 1 1 1 ( 2 *3 14 16 ) 
O O M 4 = O M ( 4 ) / ( 2 0 + 3 0 1 4 1 6 )  

CALCULATE D E R I V A T I V E S  OF GYROFREQUENCIES WRT RITH 

DO 101 1 ~ 1 9 4  
D O M D R ( I ) = - 3 o * O M ( I ) / R  

101 DOMDTH(I)=-~O*SINTH*COSTH*OM(I)/(COSB**~) 



C 
C CALCULATE PLASMA FREQUENCIES FROM D I F U S S I V E  EQUIL IBRIUM MODEL 
c 

Z=RO*(R-RO) /R  
Q = A L F O ( l ) + E X P ( ( - Z ) / H ( l )  ) + A L F 0 ( 2 ) * E X P ( ( - Z ) / H ( 2 ) )  

EXPONENTIAL MODEL ELECTRON DENSITY 

DO 1 0 2  I = l r 3  

1 0 2  ANR ( I )=ALFR ( I )*ANER 

C+ALF0(3)*EXP((-Z)/H(3)) 

. .BB-~ . L , P ~ W  P A C . -  a n .  

C 
H I W L I T = M I V C U m 3 W K  I ! W I 

ALFR(I)=ALFO(I)*(Q*+(-1.) ) *EXP(  ( - Z ) / H (  I ) )  

PLFREQ(l)=lo733265E+06*ANR(l) 
PLFREQ(21=0.433316€+@6*ANR(2) 
PLFREQ(3)=0.108329€+06*ANR(3) 
PLFREQ(4)~1.733265E+06*1636013R8*ANER 
C C ~ = ( A L F R ( ~ ) + O ~ ~ * A L F R ( ~ ) + * O ~ ~ S * A L F R ( ~ ) )  
C C ~ = ~ O + ( ( O M ( ~ ) * * ~ ) / P ~ F R € Q ( ~ ) )  
ALHR=(SQRT((+OV(l))*OM(4)*CCS/Cc6) ) * 0 1 5 9 1 5 5  
TANTH=TAN( TH) 

C 
C CALCULATE WAVE NORMAL ANGLE BETWEEN MAGNETIC F I E L D  AND PROPAGATION 
C VECTOR - ANGLE P S I  
C 

R R O = ( R O / S Q R T ( l . + O o 2 5 * ( T A N T t i * * 2 ) )  ) 
I F ( T A N T H o L T o O 0 )  BRO=-flRO 
BTHO=Oo5*BRO*TANTH 
I F ( ( K o E Q o l ) o A N D . ( M A R K . N E . 1 ) )  GO TO 103 
C O S D E L = Y ( 3 ) / S Q R T ( Y ( 3 ) * * 2 + Y ( 4 ) * * 2 )  
SINDEL=Y(L)/SQRT(Y(3)**2+Y(4)**2) 
GO TO 104 

103 COSDEL=COS(DELl)  
S I N D E L = S I N ( D E L l )  

104 CONTINUE 
DEL=ARCOSI COSDEL 1 

COSPHI=BRO/BO 
SINPHI=BTHO/BO 
COSPSI=COSDEL*COSPHI+SINDEL*SINPHI 
SINPSI=SINDEL*COSPHI-COSDEL*SINPHI 
PSI=ARCOS(COSPSI) 
I F ( S 1 N P S I o L T o O o )  P S I = - P S I  
PPSI=PSI *57 .2958  
c o s 2 = c o s P s I * * 2  
S I N 2  =S I NPS I **2 
FREQ2=FREQ**2 

IF(SINDEL.LT.0.) DEL=-DEL 

C 
C CACC INDEX OF REFRACTION9 R-COMPONENT9 AND TH-COMPONENT. AN9 
C RHOR9 RHOTH 
C 

E ( l  ) = l o  
E ( 2 ) = 1 .  
E(3 1 = l .  
E ( 4 )  = - l o  

A R z 1 . O  
ALZ1.O 
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P=1.0 
DO 1 0 5  I = l r 4  
CONP(I)=FREQ+(E(I)*OM(I)) 
CONM(I)=FREQ-(E(I)*OM(I)) 
RR(I)=PLFREQ(I)/(FREQ*CONP(I)) 
ALL(I)=PLFREQ(I)/(FREQ*CONM(I)) 

DO 106 1 ~ 1 9 4  
AR=AR-RR(I) 
AL=AL-ALL(I) 

1 0 5  P P ( I ) = P L F R E Q ( I ) / F R E Q 2  

106 PxP-PP( I) 
SS=Oo5*(AR+AL) 
D=OoS*(AR-AL) 
A=SS*SIN2+P*COS2 
B P A R * A L * S I N ~ + P * S S * ( ~ O + C O S ~ )  
C =AR*AL*P 
F = S Q R T ( ( ( A R + A L - P * S S ) * * ~ ) * ( S I N ~ * * ~ ) + ~ O * (  (P*D)**2) *COS2)  
IF(BoLT.0.) A N 2 = ( B - F ) / ( 2 o * A )  
AN2-2 o*C/ ( B+F 1 
IF(AN2.GToOo) GO TO 110 

C REDUCE INTEGRATION STEP I F  CLOSE TO RESONANCE 
KP=KT 
N=O 
MARK=l 
DELTxOo25*DELT 
IF (DELToCTo1oE-08)  GO TO 1 0 8  
W R I T E ( 6 r l 0 7 )  

GO TO 1000 
1 0 7  FORMAT(lH0,22HTOO CLOSE TO RESONANCE) 

108 DO 109 L = l r 6  
109 Y ( L ) = X ( L , 4 )  

GO TO 2 3  
110 CONTINUE 

AN4=AN2**2 
AN3=AN2** 1 5 
ANl=AN2*+0.5 
RHOR=AN 1 *COSDE L 
RHOTH=ANl*SINDEL 
RHO=SQRT( (RHOR**2 )+ (RHOTH**2 ) )  
RHOR=RHOR*ANl/RHO 
RHOTH=RHOTH*AN l /RHO 
IF(JKoEQ.1)  GO TO 1 2 5  
ABPSI=ABS(PSI  1 

C 
C C A L C  DERIVATIVE OF N WRT RHOR AND RHOTH - DNDROR, DNDROT 
C 

CON=( -4o*AN3+A+to*B*AN1~ 
DADPSI=~O*(SS-P)+SINPSI*COSPSI 
DBDPSI~2o*(AR*AL-P*SS)*SINPSI*COSPSI 
DNDPSI=(AN4*DADPSI-AN2*DBDPSI)/CON 
I F ( A B P S I o G T o 1 o E - 0 8 )  GO TO 111 
DNDRORzOo 
DNDROTzO 
GO TO 1 1 2  

111 D N D R O R = D N D P S I * ~ ~ R H O R * B O * C O S P S I - A N 1 + B R O I / ~ B O * S I ~ N P S I * A N 2 ~ ~  



D N ~ R O T = ~ N D P S I * ~ ~ R H O ~ H * B O * ~ O S P S I - A N l * B ~ H O ) ~ ~ B O * S I N P ~ I * A N ~ ~ )  
C 
C CALC D E R I V A T I V E  O F  N W R i  PLASMA FREQUENCIES - DhDPL(1) 
C 

1 1 2  DO 113 I t 1 9 4  

D R D P L ( 1  ) = - l o / ( F R E Q * C O N P I I  1 )  
DLDPL(I)=-l./(FREQ*CONM(I) 1 
D P D P L ( I ) = - l e / F R E Q Z  
D A D P L ( I ) = O o 5 * ( D R D P L ( I ) + D L D P L (  I ) ) * S I N 2 + D P D P L (  I ) * C O S 2  
DBDPL(I )=(AR*DLDPL(I )+AL+DRDPL(I I ) *SINZ 

C+(P*O.~+(DRDPL(I)+DLDPL(I))+SS*DPDPL(I))*(~O+COS~) 
D C D P L ( I ) = P * ( A R * D L D P L (  I ) + A L * D R D P L ( I ) ) + A R * A L * D P L o  

1 1 3  DNDPL( I )= (DADPL( I ) *AN4-DBDf ’L (1 ) *ANZ+DCDPL( I )  ) / C O N  
C 
C CALC D E R I V A T I V E  OF N WRT GYROFREQUENCIES - D N D O M ( 1 )  
C 

DO 114 1 ~ 1 ~ 4  
DRDOM(I)=PLFREQ(I)+E(I)/(FREQ*(CON~(I)**2)) 
D L D O M ( I ) t - P L F R E Q ( I ) * E ( I  ) / ( F R E Q * ( C O N M ( I ) + * Z )  1 
DADOM(I)=Oo5*(DRDOM(I)+DLDOM(I) ) * ( S I N 2 1  
DBDOM(I)=(AR*DLDOM(I)+AL*DRDOM(I))*(SINZ) 

DCDOM( I )=P* (AR*DLDOM(  I ) + A L * D R D O M ( I ) )  
C+P+O~~+(DRDOM(I)+DLDOM(I))*(~O+(COS~)) 

114 D N D O M ~ I ) ~ ~ D A D O M ~ I ~ * A N ~ ~ D B D O M ~ I ~ * A N Z + D C D O M ~ I ~ ~ ~ ~ ~ ~ * B * A N l ~ 4 * * A * A N 3 ~  
C 
C CALC D E R I V A T I V E  OF PLASMA FREQUENCIES WRT R - D P L D R ( 1 )  
C 

D Z D R = ( R O / R l * * 2  
D Q D Z = - ( A L F O ( 1 ) * E X P ( ( - Z ) / H ( 1 I ) / H o ) - ( A L F O ( 2 ) * E X P ( ( - Z ) / H ( Z ) ) / H ( 2 ) )  ~ 

C-(ALF0(3)*EXP((-Z)/H(3))/H(3)) 
DPLDR(4)=(PLFREQ(4))*DZDR*Oo5*DQDZ/Q 
DO 115 I s 1 9 3  
DPLDR(I)~PLFREQ(I)*DZDR*((-~o/H(I))- 

1 1 5  CONTINUE 
C 
C CALC D E R I V A T I V E  OF N WRT R * T H  - DNDR 
C 

I F ( A B P S I o C T o 1 o E - 0 8 )  GO TO 116 
DPSIDT=1~/(2o*COSTH2+0*5*SINTH2) 
GO TO 117 

DNDTH 

116 DPSIDT~~RHOR~BTHO~RHOTH*BRO)/~RHO*BO*SINPSI*~~~*COSTH2+O~5* 
C S I N T H Z )  1 

117 DNDR=Oo 
DNDTH=DNDPSI*DPSIDT 
DO 118 1-194 
G5( I ) = D N D P L (  I ) * D P L D R (  I ) + D N D O M ( I ) * D O M D R ( I )  
G 6 1  I )=ONDOMI I ) * D O M D T H ( I  1 
DNDR=DNDR+G5(1)  

1 1 8  D N D T H = D N D T H + G 6 ( I )  
C 
C CALC D E R I V A T I V E  OF N WRT FREQUENCY - DNDW 
C 

DO 119 1 ~ 1 9 4  
G 7 ~ I ) ~ O o ~ * ~ ~ ~ * F R E Q + E ~ I ~ * 0 M ~ 1 ~ ) * ~ L F R E Q ( I ) / ~ ~ F R E Q * C 0 N P ~ 1 ) ~ * * ~ ~  
G R ( I ) = O o 5 * ( 2 o * F R E Q - E (  I)*OM(I))*PLFREQ(I)/((FREQ*CONM(I))**2) 
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119 C 9 ( 1 ) = 2 . * ( P L F R E Q ( I ) ) / ( F R E Q * * 3 )  
DSDW=Oo 
DPDWrOo 
SG700 
SG8tOo 
DO 1 2 0  1=194  
SG7=G7 ( I 1 +SG7 
SG8=G8( I )+SG8 
DSDW=DSDW+C7(I)+GB(I) 

DADW=DSDW+SIN2+DPDW*COS2 
120 DPDW=DPDW+G9(1) 

D B D W = ( ~ O * A R * S G ~ + ~ ~ * A L * S G ~ ) * S I N ~ + ( P * D ~ D W + S ~ * D P D ~ ) * ( ~ ~ +  

D C D W ~ P * ( ~ O * A R + S G ~ + ~ . * A L * S G ~ ) + A R * A L * D P D W  
c (COS2 ) 1 

DNDW=(-AN4+DADW+AN2*DBOW-DCDW)/(-CON) 
C 
C DERIVATIVES OF INTEGRATED QUANTIT IES 
C 

D 1 ( 1.1 = ( RHOR-AN l*DNDROR 1 /AN2 
D1(2)=(RHOTH--ANl*DNDROT)/ (AN2+R) 
Dl(3)=(DNDR/ANl)+RHOTH*Dl(2) 
01(4)=((DNDTH/AN1)-RHOTH*Dl(l))/R 
D I ( S ) = ( S Q R T ( A N 2 + ( D N D P S 1 ~ * 2 ) ) ) / A N 2  
01(6)=(lo+(FREQ+DNDW/AN1))*30335634€-06 

125 GO TO (13,16r18,20929,31,331rN 
1000 CONTINUE 

C 
C THE DATA INPUT CARDS TO I N I T I A L I Z E  THE PROBLEM ARE AS FOLLOWS 
C CARD l o o  
C COL 5 NUMBER OF DATA SETS WITH DIFFERENT I N I T I A L  A L T  AND LAT 
C CARD 2.0 
C COL 5 NUMBER OF DATA POINTS TO BE COMPUTED 
C COL 10 NUMBER OF FREQUENCIES TO BE COMPUTED 
C COL 1 5  NUMBER O F  I N I T I A L  WAVE NORMAL ANGLES 
C COL 20 MODEL IONOSPHERE NUMBER 
C COL 21-30 I N I T I A L  ALTITUDE I N  KM 
C COL 31-40 I N I T I A L  LATITUDE I N  DEGREES 
C COL 41-50 DELTA-INTEGRATION STEP S I Z E  
C CARD 3.0 
C COL 1-10 FREQUENCY 1, COL 11-20 FREQUENCY 29 ETC I N  CPS 
C CARD 4.0 
C COL 1-10 WAVE NORMAL 1, COL 11 -20  WAVE NORMAL 29 ETC I N  DEG 
C CARDS 5-798-10, ETC JUST L I K E  CARDS 2-4 
C 

CALL E X I T  
END 

SENTRY S U I  
1 

500 4 1 1 300. 300 10000. 
1000. 2000000 5000000 10000000 

0 
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4.2 D e s c r i p t i m  =f Pmgram 

4.2.1 Ray Tracing Q u a n t i t i e s .  Thrg  gh? t 

the r a y  t r a c i n g  program, t h e  Y ( 1 j  are the r a y  t r a c i n g  

q u a n t i t i e s  being ca l cu la t ed  p o i n t  by p p i n t  f r n m  the 

ray t r a c i n g  equat ions  ( 3 ) ,  (4 )  and (5)  . As defined 

a t  the  beginning 3f the program i n  S e c t i m  4 . 1  the 

Y(I) are as fo l lows:  

Y(1) = radial  d i s t ance  from c e n t e r  of ear th  i n  km, r 

Y ( 2 )  = c o l a t i t u d e  i n  r ad ians ,  8 

Y ( 3 )  = radial  ccmpment of index  ?f r e f r a c t i o n  

vec tor ,  p r 
Y ( 4 )  = l a t i t u d e  component of index  of r e f r a c t i o n  

e vec to r ,  p 

Y ( 5 )  = t o t a l  p a t h  length  i n  km, s 

y(Gj = t o t a i  path time deiay in sec3iids, t .  

FDr the c a l c u l a t i c n  3f the d e r i v a t i v e s ,  as g iven  by the 

ray t r a c h g  equat ions  s t a r t i n g  a t  Statement  100, these 

Y ( 1 )  are equ iva len t  t o  R,  TH, M O R ,  RHOTH, S, and T 

r e s p e c t i v e l y .  

4.2 .2 D a t a  t o  I n i t i a l i z e  Problem. Statements  

1 through 4 are used t:, read i n  the sets Df data t o  

i n i t i a l i z e  the r a y  p a t h s  and t o  spec i fy  t h e  ionospher ic  



model: 

M 1  

MODEL 

R1 

TMI 

DELTA 
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= number of data sets with d i f f e r e n t  

i n i t i a l  a l t i t u d e ,  i n i t i a l  l a t i t u d e ,  

o r  model 

M3 = number of p o i n t s  t o  be computed f o r  a 

g iven  ray path 

M4 = number of d i f f e r e n t  f r e q u e n c i e s  f o r  

specified i n i t i a l  a l t i t u d e ,  l a t i t u d e ,  

and model 

M5 = number of d i f f e r e n t  I n i t i a l  wave normal 

ang le s  f o r  specified i n i t i a l  a l t i t u d e ,  

l a t i t u d e  and model 

= i n t e g e r  s p e c i f y i n g  p a r t i c u l a r  iono- 

sphere model g iven  i n  Statements  5 

through 10 

= i n i t i a l  a l t i t u d e  i n  km 

= i n i t i a l  l a t i t u d e  i n  degrees 

= number p r o p o r t i o n a l  t o  i n t e g r a t i o n  

s tep  s i z e  DELT; DELT varies as the 

i n v e r s e  square  r o o t  of the frequency 
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= wave f requencies  i n  cps f3r wnich 

ray paths  are t:, be c a l c u l a t e d  

= wave normal angles I n  degrees with 

r e s p e c t  t o  the r a d i u s  v e c t w  tha t  

i n i t i a l i z e  a ray pa th  f o r  each 

frequency. From the DEL2(J)  the 

i n i t i a l  values  of RHOR and RHOTH 

are computed. 

4.2.3 Parameters that Specify Ionospher ic  

Model. I n  order t o  compute the e l e c t r o n  and i o n  

plasma f requenc ie s ,  a model f o r  the v a r i a t i o n  of the 

i o n  and e l e c t r o n  concent ra t ions  must be s p e c i f i e d .  

The d i f f u s i v e  equ i l ib r ium model i s  g iven  by equa t ions  

(32) through 

specif l e d  by 

the m D d e l :  

RO 

ANEO 

ALFO (I) 

(36) i n  Sec t ion  2.3. For  the  model 

MODEL, the  s ta tements  5 t o  10 parameter ize  

= r e fe rence  a l t i t u d e  from c e n t e r  of 

earth i n  km, ro 

= e l e c t r o n  d e n s i t y  a t  RO i n  ~ m ' ~  

= F r a c t i o n  concen t r a t ions  of H+, He+, 0' 

r e s p e c t i v e l y  a t  RO 
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TEMP = i on  temperature a t  RO i n  OK 

Go = a c c e l e r a t i o n  Df g r a v i t y  a t  RO i n  

cm sec 

H(I) = H+, He+, 0' s c a l e  heights  i n  km. 

4.2.4 Writeout of I n i t i a l  Data. Statement  

11 i s  t h e  format f o r  w r i t i n g  o u t  the i n i t i a l i z i n g  

q u a n t i t i e s .  Statement  12 writes the headings f o r  

the da ta  a t  each p o i n t  on the r a y  path. 

4.2.5 Runge-Kutta (RK) I n t e g r a t i o n  Routine.  

With Statement 23 the Runge-Kutta i n t e g r a t i o n  m u t i n e  

is  begun. I n  the f i rs t  t r a n s f e r  t o  Statement  100, the 

i n i t i a l  va lues  of Y ( 1 ) ,  Y(2) and DEL1 are used t o  

compute M O R  ( Y ( 3 )  ) , RHOTH ( Y ( 4 )  ) , and the d e r i v a t i v e s  

of the  s i x  ray tracing q u a n t i t i e s  D l ( L ) .  The state- 

ments KS = K and K = K S  s t o r e  the c u r r e n t  value of K 

while the transfer is  made o u t  of a 'DO loop' then  

r eas s igns  the  value KS t o  K when the program is t r a n s -  

ferred back from 100. From these va lues  of Y(L) and 

D l ( L )  the first p r e d i c t o r  f o r  each ray t r a c i n g  

quan t i ty  is computed PPP(L) . 
more p r e d i c t o r s  QQQ(L) and WV(L) and a c o r r e c t o r  

I n  a l i k e  manner two 
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s s s ( L )  are c a i c u i a t e c  t o  ob ta in  the next  p o i n t  

X(L ,  K + 1).  The q u a n t i t y  X(L,K) i s  used t o  

s t o r e  the c u r r e n t  va lues  of the r a y  t r a c i n g  q u a n t i t i e s .  

When K = 4 the s t a r t i n g  po in t s  and d e r i v a t i v e s  

r equ i r ed  f o r  the Adv-Bashf 'o r th  (AB) r o u t i n e  have 

been c a l c u l a t e d  and t r a n s f e r  i s  made t o  t h i s  r o u t i n e .  

For  IC = 1, 2 ,  3 each p o i n t  on the  ray path is w r i t t e n  

o u t  as i t  is c a l c u l a t e d .  The integer  MARK is equa l  

t o  1 a f t e r  the i n t e g r a t i o n  s tep  s i z e  has been re- 

duced. The RK r o u t i n e  i s  then being used t o  s t a r t  

the AB r o u t i n e  with a new DELT. For  MARK = 1 the 

va lue  of KK I s  preserved and c o n t r o l  is r e tu rned  to 

Statement  27 with none of the p o i n t s  w r i t t e n  o u t  from 

the RK r o u t i n e .  

4.2.6 Adams-Bashfwth (AB) I n t e g r a t l m  

Routine.  The f o u r  d e r i v a t i v e s  c a l c u l a t e d  by the  RK 

r o u t i n e  are used t=, o b t a i n  the AB p r e d i c t e d  va lues  

f o r  the next  p o i n t  i n  Statements 27 and 28, Pl(L). 

These p red ic t ed  are then  used t o  compute new va lues  

of the d e r i v a t i v e s  from Statements 100 t o  125. 

Pl(3) and P l ( 4 )  are updated with the va lues  of M O R  

and MOTH r e s u l t i n g  from the P(1) and P ( 2 ) .  I n  a 



s i m i l a r  process  the cor rec ted  va lues  f o r  the next 

p o i n t  a r e  ca l cu la t ed ,  Cl(L), C l ( 3 )  and Cl(4) 

are a l s o  update2 by the new va lues  of RHOR and RHOTH. 

To make sure n m e  of t he  q u a n t i t i e s  Y(L)  are changing 

too  f a s t ,  the p r e d i c t o r  and c o r r e c t o r  are compared 

f o r  each q u a n t i t y  i n  Statement 38. 

i s  better than 0.01% the p r e d i c t o r  and c o r r e c t o r  

values  a r e  used i n  Statement 32 t o  o b t a i n  the next 

p o i n t  on the ray path.  

Statement 34. 

0.01% DELT i s  halved and the RK r o u t i n e  is  used t o  

c a l c u l a t e  the next  three p o i n t s  with the reduced 

i n t e g r a t i o n  s t e p  s i z e .  

If the agreement 

This p o i n t  is  w r i t t e n  ou t  i n  

For a disagreement of greater than 

4.2.7 Store Previous Value and Der iva t ives .  

With the AB r o u t i n e  the d e r i v a t i v e s  necessary f o r  

computing the next p o i n t  are s t o r e d  from previous 

c a l c u l a t i o n s .  I n  Statement  37 the va lues  of t he  

d e r i v a t i v e s  are updated as w e l l  2s the value of 

X ( L , 4 ) .  

r e i n i t i a l i z e d  t o  compute a ray path f o r  the next 

i n i t i a l  wave normal angle  3r next  f requency o r  next  

i n i t i a l  a l t i t u d e  and l a t i t u d e .  

' 

I n  going t o  Statement  1000 the program is  



4 .2 .8  Ray Tracing Equations . It I s  i n  

t h i s  s e c t i m  from Statement 100 t o  Statement 125 t h a t  

the  express ions  given i n  S e c t i n n  2 . 3  a r e  c a l c u l ~ t ~ d .  

I n  o r d e r  t o  save c n m p i l a t i m  a n d  c m p u t a t i o n  t i m e  

t h i s  s e c t i o n  of the program was no t  p u t  i n t n  a 

s u b r o u t i n e .  On an IBM 7044 e r r o r  s ta tements  r e s u l t  

because Df the consequent t r a n s f e r  i n  and pu t  of 

DO loDps, but  the program runs c o r r e c t l y .  Each 

group of express ions  can be i d e n t i f i e d  w i t h  p a r t i -  

c u l a r  equat ions  g iven  i n  Sec t ion  2 . 3  as fo l lqws:  

- 

DOMDR ( I) 
and 

DOMDTH (I) 

PLFREQ (I) 

ALHR 

= i o n  and e l e c t r o n  gyrpf requencies  

i n  rad ians  sec-’, e q u a t i m s  (18) 

and (38) 

= d e r i v a t i v e  of gyrof requencies  w i t h  

respec t  t o  r and 8, equatims (39) 

i o n  and e l e c t r o n  plasma f r equenc ie s  

squared, c a l c u l a t e d  from e q u a t i m s  

(32) - (36) and e q u a t i m  (17) 

lower hybrid resonance frequency i n  

cps  given by 

= 

= 
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1/2 2 a 
33 A n 2  + n e ]  a2 

r4nnee 21 I 1/2 

m ; n e  Lal +4 +I-6 e 
- 1  - 

2n f~~~ , p r o t j  

(48) 

and ai are the i o n  f r a c t i o n a l  c o n c e n t r a t i m .  

DEL = angle  between the r a d i u s  v e c t o r  and the 

wave normal; i n i t i a l l y  ( K = l )  DEL is  

s p e c i f i e d  by DEL1 and is  used t o  o b t a i n  

the i n i t i a l  va lues  of RHOR and RHOTH 

PHI = angle  between the r a d i u s  v e c t o r  and the 

magnetic f i e l d  v e c t o r  determined from 

BRO and BTHO the  r and 8 components of  the 

magnetic f i e l d ;  y is  e q u i v a l e n t  t o  PHI  

i n  e q u a t i o n  (41) and (43) . 
P S I  = angle  between the magnetic f i e l d  v e c t o r  

and the wave normal d i r e c t i o n  

E O )  = s i g n  of e l e c t r o n i c  charge f o r  each specie, 

e q u a t i m  (19)  

AR, AL, P, SS, D, A, B, C,  F = the q u a n t i t i e s  which 

are used t o  e v a l u a t e  the  phase index  3f 

r e f r a c t i o n  corresponding t o  equa t ions  (12), 

0 3 1 9  (14) )  (W, (151, ( 8 ) ,  (91 ,  (10) and 

(11) r e s p e c t i v e l y  
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AN2 = phase index of r e f r a c t i o n  square;  the 

p a r t i c u l a r  s o l u t i o n  of  equat ion  (6)  is 

chosen so t h a t  tile e i ~ a r  is f i i i i i imi;ze i ]  

f o r  B and F l a rge ;  equat ion  (7) is used 

f o r  B < 0, the + s i g n  determines the - 
branch, t h e  - g e n e r a l l y  g i v e s  the e l e c t r o n  

wh i s t l e r  branch. 

RHOR 9 

RHOTH = the r and 8 components of t h e  index 3f 

r e f r a c t i o n  v e c h r  determined from AN1 

and DEL and co r rec t ed  t o  a s s u r e  that  

pr2 + pe2 E n 2 

DADPSI, DBDPSI, DNDPSI a=  equat ions  (23) and (22) 

DNDROR , 
DNDROT = equat ions  (21) and (20) ;  f o r  t he  case 

CL-c u i a b  r a 1  not 

and DNDROT - 0 

G ( : 1 c 8  ZLYericsEy),  D??DF,ZF, 

DFDPL ( I) , DLDPL ( I) , DPDPL ( I) , DADPL ( I) , DBDPL ( I) , 
DCDPL(I), and DNDPL(1) = equat ions  (27), (26) and 

(25) r e s p e c t i v e l y  

DRDOM(I), DLDOM(I), DADOM(I), DBDOM(I), DCDOM(I), 

DNDOM(1) 

DPLDR(1) = equat ions  (31) and (37) 

= equat ions  ( 3 0 ) ,  (29) and (28) r e s p e c t i v e l y  
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DPSIDT = equat ions  (40) , (42) and (44) ; f o r  the 

case tha t  Jr -. 0 ( < numer ica l ly)  

the form of DPSIDT is  s i m p l i f i e d  

DNDR , 
DNDTH = equat ions  (24) 

DSDW, DPDW, DADW, DBDW, DCDW, DNDW = equa t ions  (47 ) ,  

(46) and (45) r e s p e c t i v e l y  

D W )  = d e r i v a t i v e s  of ray t r a c i n g  q u a n t i t i e s ,  

equa t ions  (3) , (4)  and (5) r e s p e c t i v e l y .  

4 .2 .9  Data Input  Cards t o  I n i t i a l i z e  the 

Problem. The l o c a t i o n  of the i n p u t  d a t a  numbers is 

s p e c i f i e d  with these ccmment cards. 

s e t  i s  l i s ted  under $ENTRY SUI. 

One example data 
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4 . 3  Performance of Program 

The bas i c  ray  t r ac ing  computer program as 

i i s i i e d  in ~ e c t i o n  4 .I calciilates appiyjxir i te ly  9 

p o i n t s  of t h e  ray path p e r  secmd on an  IBM 7044 

computer. 

If the ray i s  reversed by 180' i t  m u s t  

r e t r a c e  the same r a y  pa th .  T h i s  f e a t u r e  of ray 

pa ths  provides  the  means f o r  t e s t i n g  the  I n t e g r a t i o n  

accuracy of the program i n  the case of the model 

ionosphere.  

a ray path was ca l cu la t ed  and then  reversed  a t  300 km 

i n  the o t h e r  hemisphere.  After 1330 i n t e g r a t i o n  steps 

and a path l eng th  of 44,000 km, the ray re turned  t o  

wi th in  0.2" (0.6%) of i t s  s t a r t i n g  l a t i t u d e  and 

S t a r t i n g  a t  30°, 300 km, and a0 = 0, 

..*LL* n nLo /n n.>d\ 
W A b l A A f i  V . U V  \U.U3p) of i t s  initial ?..rave ~ ~ ~ ~ & 1  

angle  a t  300 km. The one way i n t e g r a t i o n  error  would 

be one half these v a l u e s  which i s  q u i t e  acceptab le  

e r r o r  f o r  q u a n t i t a t i v e  eva lua t ion .  

There i s  one s i t u a t i o n  which r e c u r s  i n  r a y  

t r a c i n g  which th i s  program does not  perform s a t i s f a c t o r l y .  

Near a resonance a t  which the index of r e f r a c t i o n  goes 

t o  i n f i n i t y  o r  near  a c u t  off a t  which i t  goes t o  zero,  



t h e  f i n i t e  i n t e g r a t i o n  s tep  s i z e  causes  problems. 

If the ray path steps through the resonance o r  c u t o f f ,  

the index of r e f r a c t i o n  squared AI? becomes nega t ive .  

Therefore n(AN1) and n (AN3) can no t  be computed and 

i n  f a c t  t he  wave cannot propagate .  

106 and 110, 'Reduce I n t e g r a t i o n  Step of Close t o  

Resonance' i n  Sec t ion  4.1, the program is  designed 

t o  test f o r  t h i s  cond i t ion .  If AN2 is less than  ze ro  

then the i n t e g r a t i o n  step DELT is  reduced by 1/4 and 

the Runge Kutta  r o u t i n e  is used t o  r e c a l c u l a t e  the 

next  po in t  with the  smaller i n t e g r a t i o n  s t ep .  

t h i s  method c a l c u l a t i o n s  can cont inue t o  c l o s e r  

approach the resonance o r  c u t o f f .  For some cases  

even DELT = 1 x loo8 is  not  s u f f i c i e n t l y  small t:, 

keep from having AN2 go nega t ive .  

cases  the r eg ion  f o r  nega t ive  AN2 is  s u f f i c i e n t l y  

nar r3w t h a t  the f i n i t e  s tep  s i z e  causes a p a i n t  t o  

be ca lcu la ted  3n t he  o the r  s i d e  of the  respnance o r  

cu tof f  where AN2 i s  aga in  pDs i t ive .  This s i t u a t i m  

I s  easily recognized s i n c e  the r a y  t r a c i n g  q u a n t i t i e s  

are d i s c a n t i n u m s .  

3 

Between Statements  

With 

Also f o r  some 



57 

4.i+ Example 3f Computer P r i n t p u t  and rrf a Ray P a t h  

I n  F igure  2 i s  shpw-i an example of the  cFmputer 

yLIrl~~Ut Z r m i  iiie prngram l i s t e d  i n  Sec t i?n  4 .1 .  A t  

t he  t3p  n f  the  page are l i s ted  the i n i t i a l  data as read 

,-l - L  

i n  f w  data 

R1 

TH1 

DEL1 

FREQ 

M 

DELTA 

RO 

NE0 

ALFO (1) 

TEMP 

set, 1: 

= i n i t i a l  a l t i t u d e  i n  km 

= i n i t i a l  l a t i t u d e  i n  degrees 

= i n i t i a l  wave n w m a l  angle  w i t h  r e s p e c t  

t:, r a d i u s  v e c t w  i n  degrees 

= wave frequency i n  cps 

= maximum number 3f pcdnts  t p  be c a l c u l a t e d  

= r e l a t i v e  i n t e g r a t i m  s t e p  s i z e  

= r e f e r e n c e  a l t i t u d e  f o r  d i f f u s i v e  e q u i l i -  

br ium inngspheric  m D d e l  i n  km 

= e l e c t r o n  d e n s i t y  i n  a t  RO 

+ and A L F O ( 2 )  = f r a c t i m  c o n c e n t r a t i m  3f H 

and  Ile'at RO 

i m  temperature a t  RO i n  'K. = 

From these i n i t i a l  da ta  the ray p a t h  t r a j e c t o r y  D f  

i n t e r e s t  are ca l cu la t ed :  
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R 

TH 

DEL 

= a l t i t u d e  of r a y  p a t h  i n  km 

= l a t i t u d e  Df r a y  path i n  degrees 

= wave normal ang le  w i t h  respect t o  

r a d i u s  i n  degrees 

N = phase index of r e f r a c t i o n  

T = g r m p  time delay t=, tha t  p o i n t  i n  seconds 

P S I  = wave normal angle  wi th  respect t o  magnetic 

f i e l d  

NE = e l e c t r o n  d e n s i t y  i n  cm” 

FE = e l e c t r o n  gyrofrequency i n  cps  

FLHR = lower hybrid r e s m a n c e  f requency  i n  cps  

DELT = i n t e g r a t i o n  s tep s i z e  

KK = number of p d n t  a long  r a y  p a t h  

FDr s p e c i a l  r a y  t r a c i n g  problems o t h e r  computed 

q u a n t i t i e s  may be of i n t e r e s t .  

I n  F igure  3 is  shown a p l o t  of the ray p a t h  l i s ted  

i n  Figure 2 .  

r, 8 (R,TH) with the d i r e c t i o n  of the wave normal 

ind ica t ed  by the arrow a t  selected p o i n t s .  

T h i s  p l o t  i s  made In t he  p o l a r  cmrdina tes  

From t h i s  p l o t  s e v e r a l  characteristics of r a y  p a t h s  

can be noted: 

a .  the wave normal and d i r e c t i o n  of the ray p a t h  
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b .  

C .  

are not  generally co inc ident  

the ray p a t h  does - not f d l o w  the magnetic 

f i e l d  l i n e  

the ray pa th  i s  not symmetric a b w t  the 

equa to r .  

P l o t s  of  ray pa ths  similar t o  t ha t  i n  F igure  3 

seem t o  provide the best means D f  understanding the 

behavior  of r a y  paths i n  a model ionosphere .  
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5.0 ADAPTATION OF PROGRAM FOR SPECIAL PROBLEMS 

I n  S e c t i m  4 .1  a basic ray t r a c i n g  prngram f o r  an 

i d e a l i z e d  model ionosphere i s  g iven .  

ray tracing programs such as those  suggested i n  the  

In t roduc t ion  (Sec t ion  l . O ) ,  the basic program can be 

modified.  

t o  c a l c u l a t e  a l l  the r a y  paths  between two s p e c i f i e d  

p o i n t s ,  a more rea l i s t ic  concen t r a t ion  m D d e l  which 

inc ludes  l a t i t u d e  e f f e c t s  and p o s s i b l y  the 'knee '  

i n  the e l e c t r o n  d e n s i t y ,  a d i s t o r t e d  d i p o l e  magnetic 

f i e l d  model, and a subrout ine  t o  do computer p h t t i n g  

of the r e s u l t a n t  r a y  paths.  

For  p a r t i c u l a r  

These modi f ica t ions  m i g h t  i nc lude  a r o u t i n e  

One of these mod i f i ca t ions  has been made t o  t h i s  

The program has been used t o  f i n d  one basic program. 

o r  more ray p a t h s  between two specif ied p o i n t s .  

This point- to-point  r o u t i n e  can produce frequency-time 

spectrograms as a s p e c i f i e d  p o i n t  ( r s ,  eS) f o r  a 

source  ( l i g h t n i n g  o r  VLF emission)  a t  ano the r  s p e c i f i e d  

p o i n t .  For  a g iven  frequency,  the parameter  which i s  

incremented is the i n i t i a l  wave normal d i r e c t i o n  t o  the 

r a d i u s  v e c t o r  no. 

a .  For  each p o i n t  on the ray path started w i t h  



b. 

C .  

d .  

e .  

f .  

an i n i t i a l  wave normal of cl, t he  d i s t a n c e  

betweer? t h e  s a t e l l i t e  p o s i t i o n  (rs, Q s }  and 

4-I--& 
b11clcI pair; t  i s  za lcz la ted ,  X1' 

The magnitude of x1 i s  tes ted f o r  each new 

new p o i n t  and the ray p a t h  i s  s lapped  when 

x1 i s  a minimum XMINl and i s  p o s i t i v e  if 

r ad ia l ly  above the  s a t e l l i t e  and negat ive  i f  

I- 1 -.* 
U 2 . A U W .  

For the next  

M and XMIN2 

The s i g n s  of 

ray pa th  Al is  incremented by 

c a l c u l a t e d .  

XMINl  and XMIN2 are tested; if 

the  same, t h e n  both  p a t h s  a re  e i t h e r  above 

o r  below the s a t e l l i t e .  Then + - cl, 
XMIN2 -, XMINl  and A1 is  aga in  incremented by 

!mtil t.he s i g n s  are  d i f f e r e n t .  T h i s  

cond i t ion  i m p l i e d  that  the two ray paths  

bracket the  s a t e l l i t e .  

For  t h i s  cond i t ion  a new ~1 I s  obtained by a 

l i n e a r  approxima t l o n  from XMINl  and XMIN2 : 

= $ + XMIN2 (Al - C2)/(XMIN1 - X M I N 2 ) .  L3 

When XMIN is less than  15 km from the s a t e l l i t e  

the ray p a t h  from the s t a r t i n g  p o i n t  t o  the  
3 
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sa te l l i t e  p o i n t  has been determined f o r  that 

frequency.  Values 

and the time delay 

With t h i s  same r o u t i n e  

of %, XMIN3, the  f requency  

are then  p r i n t e d  o u t .  

ray paths could be determined 

between t h e  ground and a specified p o i n t  by incrementing 

the I n i t i a l  l a t i t u d e  f a r  a g iven  wave normal a n g l e .  



6 .O CONCLUSION 

Because of the d i p o l e  mangetic f i e l d  and the  

concen t r a t ion  g r a d i e n t s  i n  the  ionosphere,  a m D d e l  

of the  ionosphere f o r  VLF ray  t r a c i n g  s u f f i c i e n t l y  

compl ica tes  the ray t r a c i n g  problems tha t  r a y  paths 

must be c a l c u l a t e d  by numerical means. The Haselgrove 

ray t r a c i n g  equat ions  provide a se t  of equatims which 

can be solved on a high speed d i g i t a l  computer. 

I n  Sec t ion  2.0 the r a y  t r a c i n g  equa t ions  are 

g iven  a long  wi th  the express ions  necessary  t o  e v a l u a t e  

f o r  a model ionosphere with a d i p o l e  magnetic f i e l d  

and an  H , H e  , 0 , e d i f f u s i v e  e q u i l i b r i u m  concen- 

t ratim model. The gene ra l  f low of a r a y  t r a c i n g  

computer program i s  discussed i n  Sec t ion  3 . 0 .  A b a s i c  

computer program f o r  c a l c u l a t i 3 n s  i n  a meridian p lane  

i s  l i s t e d  and explained In Sec t ion  4.0.  I n  Sec t ion  5.0 

the a d d i t i o n  of a r m t i n e  t o  do psLnt-tD-point r a y  

t r a c i n g  c a l c u l a t i o n s  i s  d i scussed .  

+ + + -  

A s  c i t e d  i n  the I n t m d u c t i o n ,  the numerical  r a y  

t r a c i n g  approach has been w e d  s u c c e s s f u l l y  t o  understand 

and t o  e x p l a i n  n a t u r a l l y  occurr ing  w h i s t l e r  phenomena. 

It i s  hoped tha t  t h i s  b a s i c  ray t r a c i n g  program can h e l p  
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t o  further extend the kncwledge about  whistlers, VU? 

emissions, and VLF ground s t a t i o n  t ransmiss ions  as 

Dbserved i n  the ionosphere 
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